Abstract. We investigate the gravitational form factors (GFFs) and the longitudinal momentum densities (p + densities) for proton in a light-front quark-diquark model. The light-front wave functions are constructed from the soft-wall AdS/QCD prediction. The contributions from both the scalar and the axial vector diquarks are considered here. The results are compared with the consequences of a parametrization of nucleon generalized parton distributions (GPDs) in the light of recent MRST measurements of parton distribution functions (PDFs) and a soft-wall AdS/QCD model. The spatial distribution of angular momentum for up and down quarks inside the nucleon has been presented. At the density level, we illustrate different definitions of angular momentum explicitly for an up and down quark in the light-front quark-diquark model inspired by AdS/QCD. PACS. 14.20.Dh Protons and neutrons -12.39.-x Phenomenological quark models -13.40.Gp Electromagnetic form factors
Introduction
Nucleon tomography has become an important tool in the modern study of the nucleon structure [1, 2] . One can characterize the distribution of quarks in high energy nucleon not only by the momentum fraction x but also by the transverse position b ⊥ and transverse momentum k ⊥ . This important information is encoded in the generalized parton distributions (GPDs) and transverse momentum distributions (TMDs). We can access the GPDs in hard exclusive processes like deep virtual compton scattering (DVCS) or deep virtual meson production (DVMP) and TMDs in the semi-inclusive processes like semi-inclusive deep inelastic scattering (SIDIS). Worldwide, several experiments such as, the H1 collaboration [3, 4] , ZEUS collaboration [5, 6] and fixed target experiments at HERMES [7] have finished taking data on DVCS. Experiments are also being done at JLAB, Hall A and B [8] and COMPASS at CERN [9] to access GPDs and new data is expected from the upcoming experimental facilities at JLAB12 and electron ion collider (EIC) [10] .
In literature, several models [11, 12, 13, 14, 15, 16] and parametrizations [17, 18, 19] are present for GPDs. The Fourier transform of GPDs with skewness equal to zero gives the impact parameter dependent parton distribution function (ipdpdf) providing the information of the partons of a given longitudinal momentum distributed in transverse position space. The x moments of GPDs give the form factors accessible in exclusive processes whereas in the forward limit they reduce to parton distributions, accessible in inclusive processes. Electromagnetic form factors (EFFs) [20] describe the spatial distributions of electric charge and magnetization densities inside the nucleon and thus are intimately related to its internal structure; these form factors are among the most basic observables of the nucleon. The Fourier transform of EFFs gives the charge and magnetization distributions of nucleon respectively. One can obtain the Dirac, F 1 (Q 2 ) and Pauli, F 2 (Q 2 ) form factors from the first moment of spin non-flip H(x, Q 2 ) and spin flip E(x, Q 2 ) GPDs [21] .
Gravity plays a major role at two extreme but completely different scales i.e., Planck and cosmic. At the subatomic levels, gravity has little effect due to its weak coupling. In classical mechanics, mass distribution and moment of inertia are important concepts but barely discussed for quantum systems like nucleon. The second moment of charge distribution gives the mass distribution for nucleon. However, it is very interesting that the second Mellin moments GPDs give the gravitational form factors (GFFs) without actual gravitational scattering. In hadron physics, matrix elements of the energy-momentum tensor (T µν ) relate to the GFFs A(Q 2 ) and B(Q 2 ) [22] . GFFs A(Q 2 ) and B(Q 2 ) can be obtained from the helicity non-flip and helicity flip matrix elements of the T ++ component. The helicity non-flip GFF A(Q 2 ) provide us the momentum fraction carried by the each constituent of a hadron whereas B(Q 2 ) gives the value of the gravitomagnetic moment at Q 2 = 0 which is in agreement with equivalence principle and energy-momentum conservation [23, 24] . The GFFs A(Q 2 ) and B(Q 2 ) are also related to the second moment of spin non-flip H(x, Q 2 ) and spin flip E(x, Q 2 ) GPDs. It is important to study the GFFs as they provide information on the nucleon spin, according to Ji's sum rule: 2 J q = A q (0) + B q (0) [25, 26] . GFFs have been studied in different models, e.g., lightfront QED [27, 22] , Anti-de Sitter/Quantum Chromodynamics (AdS/QCD) models [28, 29, 30, 31, 32] , light-front quark-diquark model [33] , phenomenological parametrization [34] etc.. It is now well established that a correspondence exists between the transition amplitudes describing the interaction between string modes in AdS space and matrix elements of the T µν tensor of the fundamental hadronic constituents in QCD [28] . Gravitational form factor A(Q 2 ) for nucleon in both hard-wall and soft-wall AdS/QCD model have been calculated in [29] . In Ref. [30] , pion and axial-vector mesons in hard-wall AdS/QCD model have been studied, whereas GFFs in holographic model of QCD for vector mesons have been studied in [31] . Structure of transverse polarization of nucleon from energy-momentum tensor is also explained by Ji et. al [35] , where they have considered the partonic contributions from the leading, sub-leading and next to sub-leading parts in the light-cone coordinates. GFFs A(Q 2 ), B(Q 2 ) andC(Q 2 ) are also connected with transverse spin sum rule [35, 36, 37, 38, 39, 40] and have been verified in lightfront quark-diquark model in AdS/QCD [33] .
In the Drell-Yan-West frame, the charge and magnetizaton densities in the transverse plane are obtained from the two dimensional Fourier transformation of the elctromagnetic form factors (Dirac and Pauli) with respect to the momentum transfer. In a similar way, the two dimensional Fourier transform of the GFFs provides the distribution of longitudinal momentum inside the hadron. The longitudinal momentum distribution in transverse plane was first introduced in Ref. [41] , where the authors obtained the semi-empirical momentum density distribution of nucleons and for spin-1 objects in the AdS/QCD correspondence approach. A nice comparative study of charge and momentum distributions have been reported in [34] . The longitudinal momentum densities for nucleon in the framework of soft-wall AdS/QCD has been investigated in [32] whereas the same distribution in a light-front scalardiquark model in AdS/QCD has been studied in [33] . The longitudinal momentum distributions in transverse coordinate space have been reported in [42] .
In the context of Q 2 = 0, the 3-dimensional Fourier transformation of J(Q 2 ) can be used to calculate the distribution of angular momentum in coordinate space [43, 44] . But the interpretation of the 3-dimensional Fourier transformation of form factors as a distribution in 3-dimensional space becomes ambiguous and suffers from relativistic corrections for finite nucleon mass. However, a 2-dimensional Fourier transformation of J(Q 2 ) does not suffer from such relativistic corrections. Recently, the authors in Ref. [45] compared different definitions of the angular momentum density and concluded that none of the definitions agree at the density level. The discrepancies appeared due to the missing of total divergence terms which had been pointed out earlier in Refs. [46, 47] . However, in the recent work [48] , Lorcé et. al. discussed in detail different definitions of the angular momentum density and showed that the discrepancies between different definitions in the density level originate from terms that integrate to zero.
In the quark model, the nucleons consists of three quarks of two different flavors u and d (p = |uud , n = |udd ). In the quark-diquark picture, one can schematically write, for example the proton state, p = |d(uu) + |u(ud) , where (uu) and (ud) are the diquark states. With spin-flavor symmetry, the diquark can be either scalar or axial vector, and hence both of them are required to describe the model. Since the scalar diquarks are in a flavor singlet state and vector diquarks are in a flavor triplet state, in order to combine to a symmetric spin-flavor wave function as demanded by the Pauli principle, the proton state has the well-known SU(4) structure as described in [49, 50] . The scalar diquark alone cannot give the complete picture of a nucleon. Recently, a phenomenological light-front quark-diquark model has been proposed in Ref. [51] where both scalar and vector diquark are considered. In this model, the light-front wavefunctions (LFWFs) for the proton are modeled from the two particle wave functions obtained in soft-wall AdS/QCD [52] . This quarkdiquark model is consistent with quark counting rule and Drell-Yan-West relation and it has been shown to reproduce many interesting nucleon properties [51, 53, 54, 55] . In last two decades, there are also numerous attempt has been made in quark-diquark models to explain the mass spectrum [56, 57, 58, 59, 60, 61, 62, 63, 64, 65, 66, 67] and the electromagnetic form factors [68, 65] . In the present work, we evaluate the GFFs for up and down quark in this light-front quark-diquark model considering both scalar and vector diquark. The longitudinal momentum distributions in transverse position space are studied in an unpolarized as well as in a transversely polarized nucleon. We compare the results obtained in this quark-diquark model with the predictions of a soft-wall AdS/QCD model and the parametrization of GPDs based on latest global analysis by "MRST2009" [69] and the Gaussian ansatz to incorporate the q 2 -dependence. We also present the spatial distribution of angular momentum for up and down quarks inside the nucleon. The different definitions of angular momentum densities are illustrated explicitly for up and down quark in this light-front quark-diquark model inspired by AdS/QCD.
The plan of the paper is as follows. A brief description of the light-front quark-diquark model has been given in section 2. We present the results of GFFs and longitudinal momentum distributions in section 3 and section 4 respectively. The illustration of different definitions angular momentum densities has been presented in section 5 and final conclusions are drawn in section 6.
Light Front Quark Diquark Model
Here we consider a light-front quark diquark model for nucleon [51] consisting with both the scalar and the vector diquark. Spin-0 diquark is in flavor singlet state and spin-1 diquark is in flavor triplet state. One can represent the proton state as sum of scalar-isoscalar |uS 0 , isoscalarvector diquark |uA 0 and isovector-vector |dA 0 diquark state [50, 49] . The two particle Fock-state expansion for J z = ±1/2 with spin-0 diquark is given by
and the LF wave functions with spin-0 diquark, for J = ±1/2, are given by [70] ψ
where |λ q λ S ; xP + , p ⊥ is the two particle state having struck quark of helicity λ q and a scalar diquark having helicity λ S = s(spin-0 singlet diquark helicity is denoted by s to distinguish it from triplet diquark). The state with spin-1 diquark is given as [71] |ν
where |λ q λ D ; xP + , p ⊥ represents a two-particle state with a quark of helicity λ q = ± 
and for J = −1/2 are
i (x, p ⊥ ) are a modified form of the soft-wall AdS/QCD prediction [72, 73] 
The wave functions ϕ ν i (i = 1, 2) reduce to the AdS/QCD prediction [52] for the parameters a ν i = b ν i = 0 and δ ν = 1.0. We use the AdS/QCD scale parameter κ = 0.4 GeV as determined in [74] and the quarks are assumed to be massless.
Gravitational form factors
The matrix elements of local operators like energy momentum tensor, electromagnetic current and moment of structure functions have exact representation in light-front Fock state wave functions of bound states such as hadrons.
One can obtain the GFFs by calculating the matrix element of the energy-momentum tensor. The second moment of spin non-flip and spin flip GPDs also gives the gravitational form factors A(Q 2 ) and B(Q 2 ) respectively.
These form factors are part of the energy-momentum tensor [22] 
where,
and U (P ) is the spinor. By calculating the (++) component of energy-momentum tensor, one can obtain
The A i (q 2 ) and B i (q 2 ) in Eq. (8) are the form factors which are very similar to the Dirac and Pauli form factors. The Dirac and Pauli form factors can be obtained from the helicity non-flip and helicity flip vector current matrix elements of the J + current. Using the two particle Fock states in Eqs. (1) and (3) we evaluate the flavor contributions to GFFs A(q 2 ) and B(q 2 ) in terms of the overlap of the wavefunctions for scalar diquark as [22] 
and for vector diquark
where
Similarly, the diquark contributions to GFFs A(q 2 ) and B(q 2 ) can be written in terms of LFWFs for scalar diquark as
The superscripts A = V, V V for isoscalar-vector diquark and isovector-vector diquark respectively. In the SU(4) structure, depending on different flavors (struck quark) quark and diquark GFFs are written in terms of scalar and vector diquarks as [50] 
B(Q 2 ) also follows the same expressions as in Eqs. (17) (18) (19) (20) . Using the LFWFs given in Eqs. (2, 4, 5) , the explicit calculation gives
where superscript S, V and V V represent the contributions with isoscalar-scalar diquark, isoscalar-vector diquark and isovector-vector diquarks respectively and R (ν)
The values of parameters a i , b i , N s , N ν 0 , N ν 1 and coefficients C 2 i are obtained from Ref. [51] . The total GFFs for proton for the struck u and d quarks are given as
For A u tot , the 1 2 factor appears due to two possibilities of the struck quark being a u quark (two valence u quark in proton). A Fig.1(a) and 1(b) , we show the total GFFs A(Q 2 ) and B(Q 2 ) for proton depending on different quark and diquark combination. Individual quark and diquark contributions to A tot (Q 2 ) and B tot (Q 2 ) are shown in Fig.1 (c) and 1(d) respectively. The error bands in the plots correspond to 2σ error in the model parameters. It can be noticed that For spin non-flip GFF, although up and down quarks contributions are slightly different, the contributions from their corresponding diquarks, i.e. (ud) and (uu) are almost the same. Effectively, the A tot for (u + ud) and (d + uu) are more or less the same. For spin-flip GFF, the contribution of up quark is opposite to down quark and the contributions from the respective diquark are also opposite to each other. This is due to the fact that the anomalous magnetic moment for up quark is positive but it is negative for down quark. One can also notice that at zero momentum transfer, the quark-diquark model satisfies the physical condition i.e. A tot (0) = 1 and B tot (0) = 0.
The GFFs can also be obtained from the second Mellin's moment of GPDs. In a recent study [19] , momentum transfer dependence of GPDs have investigated where the GPDs are obtained from the MRST2009 global fit. GPDs can be extracted from the various phenomenological parametrizations available in the literature. The simplest form of the parametrization for extraction of proton GPDs is a Gaussian form of wavefunction having x and Q 2 dependence. At small momentum transfer, a Regge parametrization for GPDs H(x, Q 2 ) = q(x) exp[−α Q 2 ] and the modified version q(x) exp[−α(1 − x)Q 2 ] of the same is used for the analysis at large momentum transfer [19] . The spin nonflip GPD can be written as [19] 
where a u , a d and m are the free fitted parameters from the low Q 2 experimental data on the proton form factors. The PDFs measured at NNLO in strong coupling parameter by "MSTW2009" are expressed as [69] x u(x) = 0.22
3.36
6.15 The spin-flip GPD E q (x, Q 2 ) is given by
with
where the normalization of up and down quark GPDs to their corresponding anomalous magnetic moments κ u = 1.673, κ d = −2.033 leads to the k 1 = 1.53, k 2 = 0.31, N u = 1.52 and N d = 0.95. We adopt all the input parameters from Ref. [19] . In Fig.2 , we compare the GFFs A(Q 2 ) and B(Q 2 ) for up and down quarks evaluated in the quarkdiquark model with the results obtained in a soft-wall AdS/QCD model [75] and the parametrization of GPDs based on latest global analysis by "MRST2009" [19] . We find that for both quarks, the quark-diquark model is in good agreement with the soft-wall model whereas for up quark, the diquark model deviates a little from the parametrization of GPDs.
Longitudinal momentum densities
Transverse charge and magnetization densities [76, 77] are defined as the two dimensional Fourier transformation of the Dirac F 1 (q 2 ) and Pauli F 2 (q 2 ) form factor with respect to momentum transferred q ⊥ . Charge and magnetization densities in transverse plane for nucleon have been studied in various phenomenological models [78, 79, 75, 80, 81] . Similar to charge densities, one can also evaluate the p + densities in the transverse plane by taking the two dimensional Fourier transform of the GFF A(q 2 ). The T ++ component of the energy-momentum tensor gives to the longitudinal momentum P + as
and the GFFs are connected to the matrix element of T ++ , thus one can interpret the two-dimensional FT of the GFF A(Q 2 ) as the longitudinal momentum density in the transverse plane [41] .
where b = |b ⊥ | is the impact parameter and J 0 is the Bessel function of zeroth order. The addition of spin-flip The red dot-dashed and blue dashed lines represent the GPDs parametrization based on "MRST2009" [19] and the soft-wall AdS/QCD model [75] . The error bands correspond to 2σ error in the quark-diquark model parameters.
matter form factor B(q 2 ) to unpolarized quark density modify when one considers a transversely polarized nucleon. Therefore for a polarized nucleon, modified quark density can be written as
where M n is the mass of nucleon. The transverse polarization of the nucleon is denoted by S ⊥ = cos φ sx + sin φ sŷ and transverse impact parameter is denoted by b ⊥ = b(cos φ bx + sin φ bŷ ). The second part in Eq. (34), adds the deviation from the circular symmetry of the unpolarized density. In Fig.3(a) and Fig.3(b) , we present the results for the longitudinal momentum densities for up quark in an unpolarized and in a transversely polarized proton respectively. We compare the results of LF-diquark model with the "MRST2009" parametrization and the soft-wall AdS/QCD model. We observe that for the unpolarized nucleon, results are axially symmetric, however the magnitude of LF-diquark model is larger than the "MRST2009" and soft-wall AdS/QCD model. In the case of transversely polarized nucleon, the distribution gets distorted due to addition of B(q 2 ) in all cases. In Fig. 3 (c) and 3(d), we show the longitudinal momentum densities for down quark. It can be noticed that for the unpolarized case, distribution is axially symmetric and widely spread as compare to distribution for up quark whereas in transversely polarized the distribution is distorted. In Fig. 4 , we present the sum of up and down quark distributions in an unpolarized and a transversely polarized proton. One can find that for all cases the unpolarized distributions almost overlap with the distributions for transversely polarized proton. This is due to the fact that the distortions for up and down quark in a transversely polarized nucleon have opposite directions. Further in Fig. 5(a) and 5(c), we show the top view of three dimensional distributions in the impact-parameter space for up and down quarks in an unpolarized nucleon. From these plots it is clear that the distribution is axially symmetric. The magnitude of up quark is larger than that of down quark. A similar plots for up and down quark in transversely polarized nucleon are shown in Fig. 5(b) and 5(d) . The distributions get distorted due to the additional contribution coming from B(q 2 ) to symmetric contribution. The distortion in down quark distribution is stronger compared to up quark and effectively exhibits a dipolar structure. By removing the axially symmetric part from density ρ T (b) i.e., (ρ T (b)−ρ(b)), we obtain the angular dependent part of the density which gives the dipole pattern and is clearly reflected in Fig. 6 (a) and 6(b) for up and down quark. The top view of the longitudinal momentum density for combined up and down quark in the impact-parameter space for unpolarized and transversely polarized nucleon is shown in Fig. 7(a) and 7(b) respectively. It shows that in a unpolarized nucleon, distribution is axially symmetric but a little distortion is appeared for transversely polarized nucleon.In comparison with scalar diquark model [33] , it has been observed that the qualitative nature of gravitational form factor A(Q 2 ) in both the scalar and vector diquark models is the same, thus, for an unpolarized nucleon the longitudinal distributions for both u and d quark also show the same qualitative nature. But the magnitude in the vector diquark model is quite large as compared to scalar diquark model. However, the result in scalar diquark model is in more or less in agreement with the phenomenological parametrization of GPDs whereas the result in vector diquark model agrees well with AdS/QCD model [75] . For a transversely polarized nucleon, the longitudinal distribution of both u and d quark in scalar diquark model gets shifted along the same direction (positiveŷ-direction for nucleon polarized along positivex-direction). However, for the vector diquark model, the shifting of the distributions for u quark is opposite to the d quark. Since, the gravitational form factor B(Q 2 ) in vector diquark model for u quark is positive but it is negative for d quark which is responsible for the opposite shifting of u and d quark distribution. But, in the case of scalar diquark model the gravitational form factor B(Q 2 ) for both u and d quark are roughly the same, which affects the shifting of distribution in the same direction.
Angular momentum distributions
Ji has shown that the total angular momentum of quarks and gluons can be expressed by the sum rule J q/g (0) = 1 2 (A q/g (0) + B q/g (0)). For q 2 = 0, one cannot get the correct form of quark angular momentum distribution in impact-parameter space by the two dimensional Fourier transformation of only J q (q 2 ) [46, 47, 43] . In Ref. [45] , different definitions of the angular momentum density have been compared and it has been concluded that none of the definitions agree at the density level. Recently, Lorcé et. al. [48] have idenfied all the missing terms and explicitly showed that no discrepancies are found between the different definitions of angular momentum. The spatial distributions of orbital angular momentum and spin inside the nucleon are defined as [48] , The impact-parameter density of kinetic total angular momentum J z (b ⊥ ) is thus given by
